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Abstract
Over the years, many authors have developed unique software packages for calculating the geomagnetic cut-
off rigidities and the asymptotic directions of particle arrival. Such programs are used for mass calculations 
and require some skill. However, it is often necessary to carry out single calculations with the same accu-
racy. For this purpose, calculator programs have been created on the basis of already developed software 
packages. One of such programs, a calculator, is described in this work.
1. Introduction
The magnetospheric effect of cosmic rays, i.e. the change in particle flux in response to a change in 
the state of the magnetosphere or position in the magnetosphere was discovered by Clay in 1927, 
who revealed the latitudinal effect on the Amsterdam-Sydney route and used the Earth‘s magnetic 
field as a charged particle spectrometer for the first time. The correct explanation of the Clay effect 
was given in (Bothe & Kolhorster 1929) in assuming that some of the cosmic rays must be charged 
particles. 
Bruno Rossi (1930) predicted the difference between the intensities of cosmic rays coming from 
the east and west. It was found that the intensity is higher from the western directions, which indi-
cates that most of the primary particles are positive.
The first who appreciated the extreme importance for space physics of the problem of the motion 
of charged particles in the Earth‘s magnetic field was Størmer (1930). In the dipole approximation, 
Størmer obtained an analytical expression for the trajectories of cosmic rays (albeit only in the equa-
torial plane) and introduced the concept of forbidden trajectories.
Lemaitre and Vallarta (1936a, 1936b), developing Størmer's theory and the concept of a forbidden 
cone, introduced the concept of a permitted cone when all trajectories are permitted, and the concept 
of a basic cone, which includes a permitted cone and a penumbra. At the equator, the permitted 
and main cones coincide, but at mid-latitudes, there are sufficient differences: the region of rigidity 
between the cones forms penumbra, i.e. many allowed and forbidden trajectories. The relative role 
of the penumbra increases with increasing geomagnetic latitude and completely disappears at high 
latitudes. The area of the penumbra was directly discovered by them when calculating the trajectories 
of particles in a dipole field on analog computers.
Jory (1956) was the first to carry out numerical trajectory calculations of cosmic rays in a dipole 
magnetic field. McCracken (McCracken et al. 1962) carried out numerical trajectory calculations of 
cosmic rays already in a real geomagnetic field, represented by six spherical harmonics.
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Two key concepts, such as the geomagnetic cutoff rigidity (for describing isotropic variations) and 
the asymptotic cone of particle acceptance (for describing anisotropic variations), allow us to describe 
all magnetospheric effects of cosmic rays. When describing long-term variations, it is sufficient to 
restrict ourselves to the isotropic approximation. At present, the method of numerical integration of the 
equations of motion of charged particles is generally accepted for determining the cutoff rigidities. With 
this method, the cutoff rigidity can be calculated with any precision. Moreover, when approximating the 
geomagnetic field, both internal and external sources of the magnetic field can be taken into account.
The most complete and systematic studies of the magnetospheric effects of cosmic rays, including 
their long-term changes, were carried out by M. Shea and D. Smart based on the software package 
(Cutoff Rigidity Program 2020). The global distributions of the vertical rigidity of the geomagnetic cutoff 
were calculated with a step of 5°×15° in latitude and longitude for the epochs from 1955 to 2000 (Smart 
& Shea, 2007a, 2007b). Vertical geomagnetic cutoff rigidities were obtained for all stations of the global 
network for ten five-year epochs 1955-2000 (Shea & Smart 1965, 1966, 1967; Smart & Shea 1994, 2001, 
2003). In Shea & Smart 1975 and Storini et al. 1999, the unevenness of changes in the planetary distribu-
tion of geomagnetic cutoff rigidities over 20 years from 1955 to 1975, especially in the southern Atlantic 
Ocean, is shown. The South Atlantic saw a decrease in rigidity, while the North showed a comparable 
increase in vertical cutoff rigidity.
In Gvozdevsky et al. 2016, for the vertical directions of particle arrival by the method of trajecto-
ry calculations, a planetary distribution of the geomagnetic cutoff rigidities with a step of 5°×15° in 
latitude and longitude was obtained for the period 1950–2020 with a forecast up to 2050. For the period 
1950-2050, temporal variations of the geomagnetic cutoff rigidities were also obtained for the world-
wide network of neutron monitors. From the data of muon telescopes, the geomagnetic cutoff rigidity of 
inclined directions of particle arrival was also obtained.
The purpose of this work is to create a calculator for obtaining the geomagnetic cutoff rigidity with 
the most complete graphical presentation of the results. To carry out trajectory calculations, use the de-
veloped and debugged software packages.
2. Method of trajectory calculations
The main method for studying the trajectories of charged particles in the geomagnetic field is the 
numerical integration of the equation of motion. At present, the most widespread use of various 
modifications of the 4th order Runge-Kutta method, with the use of standard methods of accuracy 
control, including checking the conservation of the integral of motion - energy (or modulus of 
velocity). In addition, the reverse integration method is used to check the correctness of the nume-
rical solution. Its essence is that due to the structure of the Lorentz equation, which describes the 
motion of a charged particle in a stationary magnetic field, with the simultaneous replacement of 
the sign of the particle charge and its velocity vector with opposite values, the trajectory of motion 
is completely preserved, but passes in the opposite direction. Having stopped at some point the 
numerical integration, one can try to return to the starting point (or in its vicinity) by backward 
integration, thereby estimating the error of the numerical solution. The same method of backward 
integration is used to determine the initial point at which a cosmic ray particle came from interpla-
netary space to the boundary of the Earth’s magnetosphere. Since the main flux of cosmic rays is 
made up of protons, the calculations use a proton with the opposite sign.
Integration ends in three cases:
• either after a specified time has elapsed (the particle is considered captured),
• either the particle crossed the magnetopause surface (went beyond the magnetosphere),
• or its radius vector turned out to be less than (RE + 20) km (the particle returned to the 
atmosphere). 
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In the case of the second result, this trajectory is marked as allowed, otherwise, it is prohibited.
The described method of trajectory calculations was first formulated and applied in McCracken et 
al. (1962) and is also described in Smart & Shea (2001). This technique is implemented in works 
(Gvozdevsky et al. 2015, 2016, 2017, 2018, 2019). Particular attention was paid to the issue of ac-
counting for the penumbra. The results are archived on the server (Mag_Effect 2018).
3. Involved models of the magnetosphere
For the trajectory calculations, the model of the International Geomagnetic Reference Field IGRF-12 
(Thebault et al. 2015) was used. This is a model of the main geomagnetic field for the 2015.0 epoch 
and a linear annual predictive model of the secular variation for 2015.0-2020.0. We have continued 
this linear approximation of the coefficients of the Gaussian expansion until 2050. The geomagnetic 
field model is represented by the 13th spherical harmonics, but the predictive model is limited to the 
8th harmonics. For trial calculations of the characteristics of the magnetic field at different points of 
the magnetosphere, one can use a calculator (Magnetic calculator 2019).
The contribution of external magnetic fields was taken into account based on the empirical mo-
dels of Tsyganenko (Magnetospheric modeling 2020). To describe the contribution of external magne-
tic fields to quiet or weakly disturbed periods (from Kp=0 to Kp=5), the widely used Tsyganenko 
T89 model was used (Tsyganenko 1989). At higher disturbances, it is necessary to use the T96 model 
(Tsyganenko 1996), which describes the position of the magnetopause depending on the state of 
the solar wind. The input parameters in the T96 model are the density and speed of the solar wind, 
which determine its pressure on the magnetosphere, the By and Bz components of the IMF, and the 
Dst index of geomagnetic activity. If periods of a very strongly disturbed magnetosphere (Dst≤–65 nT) 
are considered, then the Ts02 (Tsyganenko 2003) or Ts04 (Tsyganenko 2005, 2013) models should be 
involved, which differ in different approximations of the same experimental data.
4. Description of the program calculator Cutoff-2050 
 
The Cutoff-2050 Calculator is available at https://tools.izmiran.ru/ (Calculator Cutoff-2050, 2020). The 
calculator for calculating geomagnetic cutoff rigidities is based on the Cutoff-2050 program, which was 
used in (Gvozdevsky et al. 2019 and references). Cutoff-2050 program is located at the same address.
Figure 1: Comparison of the vertical geomagnetic 
cutoff rigidity at Moscow station obtained with dif-
ferent steps of integration: 0.01 and 0.001 GV.
Figure 2: Comparison of the vertical geomagnetic cutoff 
rigidity at Moscow station obtained with for the models: 
Dipole, IGRF, IGRF+T89 and integrating step 0.01 GV.
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At the first login, any user creates a personal account, in which he can accumulate and compare 
the results of calculations. When you select Create New Calculation, a dialog box of parameters 
appears, the values of which are obvious.
So, for example, figure 1 shows the calculations and comparison of the vertical rigidity of the 
geomagnetic cutoff for the Moscow station for two values of the integration steps. If you select the 
hardness of a particle on the penumbra scale with the mouse, then the trajectory of this particle 
in this magnetic field is displayed. Above the penumbra field, there is a graph showing the time of 
particle motion until it leaves the magnetosphere for each rigidity in the considered range.
Figure 2 shows another example, which compares the results obtained using three magnetic field 
models: dipole, IGRF, IGRF + T89. Particle trajectories are also displayed after selecting the appropriate 
stiffness on the penumbra scale. Three trajectories for 2.6 GV particles are compared.
Figure 3 shows an example of vertical and inclined trajectories of particle motion using the Mo-
rioka telescope for the IGRF model of the magnetic field. Particle trajectories are also displayed after 
selecting the appropriate rigidity on the penumbra scale. The trajectories are compared for particles 
with a rigidity of 12.0 GV.
Figure 4 compares the geomagnetic cutoff rigidities for Jungfraujoch for the IGRF and IGRF+T89 
models (Kp = 0, 2, 4).
Table 1 shows the parameters of the test calculations of the calculator for various models. Calcula-
ting the geomagnetic cutoff rigidities for the IGRF+T96 model and especially for the IGRF+T02 model 
requires a lot of computational time and this must be taken into account when planning the calculations.
Table 1: For 01.07.2017 00:00:00 and Geographic coordinates (latitude, longitude) (55.00, 40.00), Vertical angle 0.00 
and Azimuthal angle  0.00.
Figure 3: Geomagnetic cutoff rigidity for Morioka under 
model IGRF+T89 and integrating step 0.1 GV for vertical, 
zenith angle 45° and azimuth angles 0°, 90°, 180°, 270°.
Figure 4: Geomagnetic cutoff rigidity for Jungfraujoch 
station at the models IGRF and IGRF+T89 (Kp=0, 2, 4).
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5. Available calculators for calculating geomagnetic cutoff rigidities
Several calculators have been developed for calculating geomagnetic cutoff rigidities. A simple 
online internet project (Cutoff rigidity Calculator 2010) is based on the IGRF model and considers 
only vertically falling particles. The algorithm described in (Smart & Shea 2001) is applied. Dis-
advantages: the contribution of the outer magnetosphere is not taken into account, only vertical 
trajectories are considered, there is no graphical presentation of the results of calculating the pen-
umbra, trajectories.
Another online internet project (Web Calculators 2019) is based on more complex magnetosphere 
models (Tsyganenko 1996; Tsyganenko et al. 2005) with automatic involving of the input parameters 
of the interplanetary medium necessary for the magnetosphere model, which is a very convenient 
and useful option. The program also reconstructs the trajectories of particles inside the magnetos-
phere. The calculator has a number of other useful features like calculating the Larmor radius in-
side, R-E converter. Disadvantages: only vertical trajectories are considered, there is no graphical 
presentation of the results of trajectory calculations - penumbra.
The online calculator (Calculator cutoff 2018) is based on the methodology described in (Gvoz-
devsky et al. 2019 and references). The result of the calculator‘s work is the lower, upper and 
effective values of the geomagnetic cutoff and penumbra stiffness for one of the specified magnet-
osphere models: dipole, IGRF, Tsyganenko IGRF + T89, IGRF + T96, IGRF + T02 models. Dis-
advantages: no graphical representation of trajectories.
6. Conclusions
1). The Cutoff-2050 calculator calculates the rigidity of the geomagnetic cutoff and particle trajecto-
ry for a given date (1900-2050) and at a given geographic point for magnetosphere models: di-
pole, IGRF, Tsyganenko model: IGRF + T89 and higher order IGRF + T96 and IGRF + models 
T02, but the latter require a long calculation time.
2). For regular users, it is possible to organize on the server personal accounts of users to accumu-
late and store the results obtained.
3). Visualization of all the results obtained: penumbra, time of movement and trajectories of particles.
4). The calculator interface allows you to visually carry out a comparative analysis of trajectories 
for various models and parameters.
5). The Cutoff-2050 calculator is an effective tool for urgent single calculations.
6). The task has significant educational potential since the capabilities of the online calculator can 
be used to teach students of the relevant specialties.
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Questions and answers
Monica Laurenza: Is it possible for the user to change all model parameters?
Answer: Yes, it is possible. But it should be remembered that the computation time for IGRF + T96 model, for 
example, and higher models can be quite long.
Alexander Mishev: What is the rigidity resolution for the computations 0.01, 0.001 Gv or less?
Answer: The integration step is especially important in the penumbra area. An integration step of 0.01 results 
in a rigidity error of ~ 0.1 GV, an integration step of ~ 0.001 leads to a rigidity error of ~ 0.05 GV.
Question: Is it possible to use the program on a PC?
Answer: Yes, it is possible.
Christian T. Steigies: IGRF has been updated recently (2019?), are you using the latest model?
Answer: No, this version was not involved. The IGRF-2015 model was used with a forecast up to IGRF-2020. 
But there are no problems with the inclusion of IGRF-2019.
James Ryan: Can this be adapted to low Earth orbiting spacecraft, like PAMELA?
Answer: Yes, the calculations are applicable across the entire magnetosphere.
Marc Duldig: Historically please remember the first paper to comprehensively discuss the CR penumbra: Co-
oke D. J., Humble J. E., Shea M. A., Smart D. F., et al. “On Cosmic-Ray Cut-Off Terminology” Il Nuovo Cimento 
C14, 213-234 1991, DOI: https://doi.org/10.1007/BF02509357 
Answer: Yes, thank you, the historical overview and helpful discussion of terminology should be preserved 
in our work.
Rolf Bütikofer:  Do you plan to offer the determination of cutoff rigidities for a network with a selected mesh 
size in a single run?
Answer: No, we did not plan, but we shall plan, if necessary. The server http://tools.izmiran.ru contains ta-
bles (5 ° × 15 ° grid) of planetary distributions of geomagnetic cutoff rigidities from 1900 to 2050 with a step of 
5 years. But for a list of stations, such calculations can be organized.
Marc Duldig: Will you optimize using parallel processing with PC GPU?
Answer: No, until not.
